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ABSTRACT
Water management requires, among other information, the proper
identification of drought events and their characteristics: duration
and severity. In this paper we compute standardized runoff index
(SRI), which is an index based on runoff but computed following
the same methodology as standardized precipitation index, over
the Rio Grande basin. The runoff values were generated from the
Noah land surface model. The drought duration and severity for
each year were extracted and copula was used to produce the
joint probabilities of drought severity and duration. Four copulas
were tested and the Gumbel-Hougaard (GH) copula was deemed
most appropriate for this dataset. The conditional probability
distributions for severity given duration thresholds and duration
given severity thresholds were also computed. This information
can help water managers assess water availability and plan for
extreme events accordingly.
Keywords

runoff in the Rio Grande basin. The latter is a transboundary
basin and is vital for the economy of both the US and Mexico.
The Rio Grande basin is ‘heavily engineered’ on both sides of the
border and is over allocated, such that in periods of extreme
droughts the river does not reach the Gulf of Mexico.
We generated 30 years of runoff for the basin using the Noah
LSM and computed the standardized runoff index from which the
yearly duration and associated severity of drought periods were
extracted. This study attempts to analyze the joint probabilistic
characteristics of the cumulative duration and severity of drought
occurrences experienced each year.
We tested four copulas to assess which one is most suited to
model the dataset and present preliminary results of the joint
probabilities of drought severity and duration and the conditional
probability distributions charts of drought severity given a
threshold duration and drought duration given a threshold drought
severity.

Noah LSM, SRI, Drought, Copula, Rio Grande
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The Rio Grande (or Río Bravo del Norte as is it referred to in
Mexico) is the fifth longest river in North America. It originates
in the San Juan range in the Rocky Mountains in southern
Colorado at an altitude of around 3,700 m amsl and flows in a
south-eastward direction over a distance of approximately 3,100
km before discharging into the Gulf of Mexico. The basin
encompasses an area of 557,722 km2 straddling three states in the
US and five states in Mexico. The river catchment, just like a
number of river basins in this region, is narrow with its length
being considerably longer than its width, and has a dendritic
drainage pattern. The watershed contains a number of endorheic
sub-basins, such that only 468,374 km2 (242,994 km2 on the US
side and 225,380 km2 on the Mexican side) actually contributes
to flow in the river [3]. Figure 1 shows the main political
boundaries within of the basin.

INTRODUCTION

Droughts have catastrophic impacts across a wide range of
sectors: domestic water supply, agriculture, economy, ecology,
and health. Proper assessment of drought is central to water
management. Early identification can help mitigate the negative
impacts of a drought. A number of metrics have been developed
towards this end and are currently in use for characterizing
droughts. These indices can be either based on only one
meteorological variable or a set of parameters ranging from
precipitation, temperature, vegetation conditions, streamflow, etc.
[1]. Each index has its advantages and drawbacks and may be
best suited for a particular application.
One major challenge in computing these indices, however, is the
integrity of the original datasets. While precipitation is not
significantly affected by anthropogenic changes, if we discount
climate change, other local variables, such as soil moisture and
streamflow, are greatly influenced by land use land cover
changes. Streamflow, which is the most important parameter in
water management, incorporates meteorological forcings, even
though not as first order response but filtered by watershed
characteristics, but is affected by dams, diversions, return flows,
reduction of base flows by excessive groundwater pumping, and
urbanization [2].
In this study we use a land surface model (LSM) to generate

STUDY AREA

Land cover in the Rio Grande basin is mainly desert shrubland
and grassland, covering about 81%, while irrigated agriculture
constitutes only 2.6%, and urban and industrial area covers 6% of
the basin [4]. A complete detailed classification derived from
Advanced Very High Resolution Radiometer (AVHRR) images
is available in Srinivasan et al. [5]. The Rio Grande basin is a
heavily engineered basin; the flow is stored in over 100 dams, 6
of which are over 150 m high. Three of the most important
reservoirs in the basin are the Elephant Butte reservoir in
southern New Mexico and the two international reservoirs

of mean monthly
measurement.

precipitation

derived

from

gauged

The coefficient of variation,
, is a statistical measure of
1 indicates less variation, while a
variability, where a
1 is indicative of high variability. The northern part of the
basin (the Upper Rio RG) has low variability in precipitation.
Higher variability is noted in the middle section of the basin. This

Figure 1. The Rio Grande Basin and the six sub-regions
namely Amistad and Falcon. There are also a number of
agricultural diversions along the course of the river; the most
important one is at El Paso where the release from Elephant Butte
Dam is apportioned between the US and Mexico under the 1906
Convention for the Equitable Distribution of Waters of the Rio
Grande [6]. From a water rights point of view, the flow in the
river is already over allocated, such that in drought conditions the
river does not reach the Gulf of Mexico. In its undisturbed
condition, the virgin flow in the basin would have been over 100
m3/s [4].
No official regional delineation exists for basin, but often
research paper and water management reports concentrate on one
portion of the watershed. Parcher et al. [7] gives a description of
the main sections in which the basin is divided. We surveyed the
literature on the basin and used the climate divisions, topography,
etc. to delineate the basin into six regions, as shown in Figure 1,
for this study.

2.1 Hydroclimatology of the Basin
The Rio Grande basin has a very complex and varied
climatology. The upper mountainous section, has an alpine
climate, while the middle portion has an arid to semi-arid climate
and the lower section in Texas is humid continental to humid subtropical [8]. The precipitation varies from northwest to southeast
across the main basin, and in the Rio Conchos sub-basin, the
precipitation varies from southwest to northeast.
Figure 2 shows the isohyetal map and the coefficient of variation

Figure 2. Isohyets and coefficient of variation of mean
monthly precipitation across the Rio Grande basin

region has a unimodal precipitation regime and receives most of
its rainfall from the North American monsoon (NAM). A similar
precipitation distribution is noted in the Rio Conchos. The Lower
RG has a slightly bimodal precipitation distribution, strongly
influenced by conditions in the Atlantic Ocean. The hurricane
season, in late August and September, considerably affects
precipitation, where large amounts of rainfall are received in very
short durations and are often responsible for destructive floods.

3

DATA AND METHDOLOGY

3.1 Runoff Modeling
Runoff in the basin was modeled using the Noah LSM [9-11]
within NASA GSFC’s Land Information System [12]. Noah has
been tested against other LSM and has been found to have small
bias in both evaporation and runoff when compared with
observed annual water budget, and thus is able to reproduce
streamflow with high accuracy [13].
The model has a 2 m deep soil layer divided into the following
four sub-layers – a 100 mm thick top layer, a second 300 mm
thick root zone layer, the 600 mm deep root zone layer, and a
1000 mm thick sub-root zone layer. The latter layer acts as a
reservoir with drainage by gravity at the bottom. The LSM
simulates soil moisture, soil temperature, skin temperature,
snowpack depth, snow water equivalent, canopy water content,
and energy and water fluxes of the surface energy and water
balance. Surface runoff is the excess after infiltration after
Schaake et al. [14].
The driver routine of the LSM includes reading of the
atmospheric forcing data, interpolation of the monthly mean
surface greenness and albedo to Julian day of the time step,
assigning downward solar and longwave radiation from the input
forcing, calculation of actual and specific humidity from
atmospheric forcing, and assigning wind speed.
The LSM is run retrospectively for a period of 30 years (1
January 1979 to 31 December 2008), using the North American
Land Data Assimilation System – Phase 2 (NLDAS-2) forcing
data. Additional model parameters include seasonal maximum
snow free albedo maps, monthly greenness fraction, bottom
temperature, and soil texture (sand, clay, and silt). The model was
run at a time step of 30 minutes and the output files written for
every 3 hours, thereby creating 8 files for each day from which
runoff was extracted at the pixel scale and spatially averaged and
temporally aggregated over the region of interest. The
precipitation field in forcing data was compared to gauged
measurements and the monthly runoff was validated against flow
in the Rio Conchos. It was found that Noah faithfully captures the
monthly variation in runoff in the basin.

adjustment. The land forcing field is from the NCEP North
American Regional Reanalysis (NARR). It utilizes a 25 year
retrospective analysis (1979-2004) and is updated daily. NARR
has a spatial field of 32 km and a temporal resolution of 3 hours.
The NARR field is spatially interpolated to produce the 1/8°
degree resolution in NLDAS-2. The surface pressure, surface
downward longwave radiation, near-surface air temperature and
near-surface specific humidity are adjusted vertically to account
for the vertical difference between the NARR and NLDAS fields
of terrain height. The NLDAS dataset has been extensively
compared, tested, and validated for snow cover and snow water
equivalent [15, 16], soil moisture [14], and streamflow and water
balance [17].

3.2 Standardized Runoff Index
Of all the metrics developed for drought assessment, the
standardized precipitation index (SPI) [18] is perhaps the simplest
drought index as it is based solely on recorded precipitation. The
motivation behind this method was to have an index that can be
compared across different climatic regions. It is designed to be a
spatially invariant quantity that can be computed to give
precipitation excesses and deficits at multiple timescales [19]. It
gives a better representation of abnormal wetness and dryness
than the Palmer Drought Severity Index and can provide an early
warning of drought as compared to other indices that utilize soil
moisture because runoff and reservoir storage respond faster to a
storm event than soil moisture, thus making it a suitable index for
use by the water management community.
SPI is based on the long term precipitation record. A probability
density function that best describes the long term precipitation
observations is determined. Guttman [19] explains that the use of
different probability distributions will lead to different SPI
values. The National Drought Mitigation Center uses a 2parameter gamma distribution to fit precipitation data. The
cumulative probability is then transformed to the standard normal
distribution with mean zero and variance one. This gives the
values of the SPI. Normalizing allows for a consistent
representation of wet and dry periods. A positive SPI value
indicates a wet period and a negative value shows a dry period.
Continuous negative SPI values indicate drought events, which
end when the SPI becomes positive. The duration of the drought
can thus be determined from a plot of the SPI values.

3.1.1 NLDAS‐2

The standardized runoff index (SRI) is a natural extension of SPI.
It however has more appeal than SPI as it incorporates hydrologic
and meteorological processes that influence the volume and
timing of streamflow [20]. SRI is calculated following the same
procedure as SPI. A three-month SRI (hereafter referred as SRI
(3)) was calculated for areally averaged runoff from each subregion of the basin and for the basin as a whole. Figure 3 shows a
plot of SRI (3) superimposed over the areal averaged runoff
anomaly for the whole of the Rio Grande basin.

NLDAS-2 forcing data was used to run the Noah LSM. It has a
1/8° latitude/longitude resolution over a domain covering the
conterminous United States, part of Canada and Mexico (125°W–
67°W, 25°N–53°N), thus allowing us to model both the US and
Mexican portions of the Rio Grande. The precipitation field in
NLDAS utilizes the National Centers for Environmental
Prediction (NCEP) Climate Prediction Center (CPC) reprocessed
daily gauged analyses that have been subjected to orographic

The drought duration, D, is defined as the number of months for
which the SRI values is below zero and the drought severity, S, is
the cumulative sum of SRI for that particular drought event. We
computed the yearly drought duration, which is the number of
months per year the SRI is below zero, and associated severity.
Table 1 gives the basic statistics of the areal averaged runoff for
each section of the basin and associated drought characteristics
derived from SRI (3). The severity values reported in the table are
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Figure 3. Areal averaged runoff anomaly and 3-month SRI for the whole Rio Grande Basin

the absolute values. The Upper RG and Rio Conchos have much
lower number of drought months whereas the Middle-Middle RG
has the highest number of months with SRI (3) below zero. It is
interesting to note that the mean drought severity does not vary
considerably across the basin. Further the lowest drought severity
is in the Middle-Middle RG while the largest is in the Rio

Conchos. Despite having the most number of months below zero,
Middle-Middle RG has the lowest drought severity among all six
sub regions. The Upper RG on the other hand has one of the
lowest D values recorded but has the most severe drought, which
occurred in 2002, where the SRI (3) for the whole year was
below zero.

Table 1. Statistics for monthly runoff and 3-months SRI for each region and the whole basin

Upper RG

UpperMiddle RG

MiddleMiddle RG

LowerMiddle RG

Lower RG

Río Conchos

Rio Grande

Mean

2.565

1.484

2.521

2.149

3.719

2.563

2.387

Std. Dev.

2.721

1.433

3.480

3.795

5.001

4.144

2.134

210

222

209

209

175

202

Runoff (mm)

Drought – SRI (3)
No. of drought
months (1980-2008)

177

Duration (months)
Mean

6.103

7.241

7.655

7.207

7.207

6.034

6.966

Std. Dev.

4.083

4.580

4.490

3.959

3.940

4.807

4.460

Minimum

0

0

0

0

0

0

0

Maximum

12

12

12

12

12

12

12

Mean

4.864

4.675

4.646

4.617

4.816

4.928

4.810

Std. Dev.

5.737

3.981

3.708

3.339

3.982

6.248

4.404

Severity

Minimum

0

0

0

0

0

0

0

Maximum

23.002

11.749

10.570

11.331

14.420

19.904

13.433

3.3 CDF for Duration and Severity

,

Drought duration normally follows an exponential distribution
and severity follows a gamma distribution, with probability
density function [21]:
1

⁄

0

1

0

2

⁄

where is the parameter for the exponential distribution and
and
are the shape and scale parameters of the gamma
distribution, respectively. These parameters were estimated for
each region using the maximum likelihood estimate or method of
moments when the time series of the distribution contained zeros.
The Kolmogorov-Smirnov (KS) goodness of fit test was used to
test the proposed model parameters.

,

,
0,

,

,

,

∈
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where
and
are marginal probability distributions and
0,1
0,1 → 0,1 , the mapping function is the copula.
This implies that a valid probabilistic model for ,
may be
obtained when the three components, , , and are from the
following parametric families:
,

;

,

, ;

The general form of the Archimedean family is
,

,

5

where the generator of the copula
is a continuous strictly
decreasing mapping function from 0,1 to 0, ∞ such that
1
0. The joint probability function for a bivariate random
variable X, Y can be expressed as

0
∞

7

In the case of the Gumbel-Hougaard (GH) copula
exp

ln

⁄

ln

8

∈ 1, ∞

Once the copula is chosen and dependence parameter obtained,
the conditional distribution can be derived. Following Shiau [27],
the probability that drought duration and severity exceed a certain
threshold can be expressed as
,

1

,

C

1

,

,

9

where
and
are the cumulative drought duration and
severity distribution. The conditional drought severity
distributions given a drought duration exceeding a certain
threshold , and the conditional drought duration given that
drought severity exceeds a certain threshold , are [27]:
|

4

where
and
are paramenter vectors of the marginal
distributions and
is the parameter vector for the dependent
distribution. and are the quantiles of the uniformly distributed
variables
and
, respectively [23]. A number
of copula families are available and are categorized in four
classes: Archimedean, extreme value, elliptical, and other
miscellaneous classes. A comprehensive treatment of copulas and
its application to geoscience is available in Nelsen [24], Salvadori
et al. [25], and Genest and Favre [26]. In hydrology, the
Archimedean family has been widely adopted for its ease of
construction and wide range of choice for the strength of
dependence.

∀0
∀ 0

The generator is termed ‘strict’ and the resulting copula a strict
copula when
0
∞. The generating function
contains
the dependence parameter .

,

Drought severity-duration frequency analyses have relied on the
conventional functional forms of bivariate and multivariate
frequency distributions. The limitation of this approach is that the
marginals have to be from same distribution family. Copulas
offer a viable alternative as marginals from different families can
be combined into a joint distribution. The concept, developed by
Sklar [22], states that the joint distribution of any randomly
distributed variables , may be written as

6

Note that
and
are uniformly distributed
probability integral transform variates. The function
: 0, ∞ → 0,1 is the pseudo-inverse of the generating
function, continuous and non-decreasing on 0, ∞ and strictly
decreasing on 0, 0 and is given by

3.4 Copulas

;

,

|

4

,
1
,
1

10
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RESULTS AND DISCUSSION

The exponential and gamma distributions were fitted to the
duration and severity series for each sub-region and for the whole
basin, respectively. Parameters of the fitted distribution are given
in Table 2. The KS goodness-of-fit test was used to test if the
selected model satisfied the data. In most cases the chosen
distribution was a good model for the duration and severity, as
indicated in the table. For the Lower RG region, for example, the
exponential model did not satisfy the dataset and a gamma model
with and parameters 3.345 and 2.154, respectively, was fitted
instead.
For the purpose of this paper, in the following sections, we
present results for runoff spatially averaged over the whole basin
and for the Middle-Middle RG which has the most number of
drought months for the time period considered.

Table 2. Parameters for exponential and gamma distribution fitted to duration and severity respectively

Upper RG

UpperMiddle RG

MiddleMiddle RG

LowerMiddle RG

Lower RG

Río Conchos

Rio Grande

Duration

6.103

7.241 *

7.655

7.207

7.207 *

6.034 *

6.966

Severity

0.719

1.380

1.570

1.912

1.463

0.622 *

1.193

6.767

3.389

2.959

2.415

3.292

7.922 *

4.031

* Fitted parameters do not pass Kolmogorov-Smirnov test.
Copula has been widely applied to bivariate flood and drought
frequency analysis. The Clayton copula has often been used
without any prior assessment of the most appropriate model. In
this study we tested four copulas, three from the Archimedean
family, namely Gumbel-Hougaard (GH), Clayton (CLT), and
Frank (FRK), and Galambos (GLM) from the extreme value
family. The sample estimates of the Pearson correlation
coefficient, Kendall’s tau and Spearman’s rho, for the Rio Grande
and Middle-Middle RG are 0.883, 0.866, 0.953 and 0.882, 0.783,
0.913 respectively. The maximum pseudo-likelihood (MPL)
method was employed for obtaining point estimates of theta ( )
and associated interval estimates (lower confidence and upper
confidence limits as LCL and UCL) having a coverage
probability of 0.95. These estimates alongwith corresponding
maximum log-likelihood (LLmax) values, standard errors, and
error statistics such as root mean square error (RMSE) and mean
absolute error (MN-A-ERR) are given in Table 3.
The table also lists Kendall’s tau values that correspond to the
estimated dependence parameters. Following Nelsen [24], a set of
500 samples were generated for each copula and compared to the
SRI(3) drought duration and severity for the basin. For both Rio
Grande and Middle-Middle RG, the GH and Galambos copulas
have the highest maximum likelihood values of the four copulas
tested. Figure 4 shows scatter plots of the observed (black

crosses) and simulated (gray dots) data of severity against
duration in ,
domain for the four copulas for both of these
hydrological units. It can be seen that the dependence in the upper
tail in the Clayton copula is weak just like for Frank, thus
explaining the lower maximum likelihood. In the case of GH and
Galambos, the dependence is stronger hence giving larger
maximum likelihood values. Based on the results shown in Table
3 we choose the GH for further analysis.
Figure 5 shows the resulting contour of the joint probabilities of
drought severity and drought duration for the Rio Grande and the
Middle-Middle RG.
The copula-based drought joint drought duration and severity
analysis can yield important information for water management
purposes. Conditional probability plots, for example, allows a
water planner to assess the probability of a drought of a certain
duration and severity occurring simultaneously. This information
cannot be obtained from univariate drought duration or severity
analysis [27]. Figure 6 shows the conditional probability
distribution of drought severity given a drought duration
exceeding a threshold
in the whole basin and in the MiddleMiddle RG. Similarly Figure 7 gives the conditional distribution
of the drought duration given that drought severity exceeds a
certain threshold .

Table 3. Point and interval dependence parameter estimates and error statistics based on maximum pseudo-likelihood (MPL)
method. Interval estimates correspond to a coverage probability of 0.95.

Copula

LLmax

LCL

UCL

Standard
Error

RMSE

MN-AERR

K-tau

Rio Grande
Clayton

48.023

14.011

7.173

20.849

3.489

0.044

0.035

0.875

Frank

42.360

31.551

29.395

33.707

1.100

0.043

0.035

0.880

GH

50.984

10.475

7.166

13.784

1.688

0.038

0.031

0.905

Galambos

50.766

9.760

9.503

10.017

0.131

0.038

0.031

0.904

Clayton

38.325

8.753

4.352

13.154

2.245

0.048

0.038

0.814

Frank

31.892

19.049

17.728

20.370

0.674

0.048

0.039

0.808

GH

39.413

6.541

4.422

8.660

1.081

0.041

0.033

0.847

Galambos

39.351

5.820

3.578

8.062

1.144

0.041

0.033

0.847

Middle-Middle RG

LLmax = maximum log-likelihood; LCL = lower confidence limit; UCL = Upper confidence limit; K-tau = Kendall’s tau corresponding to
parameter estimate; RMSE = root mean square error; MN-A-ERR = mean absolute error.
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Figure 4. Comparison of observed (black crosses) and simulated data (gray dots) samples for the Rio Grande
and Middle-Middle RG in the , domain

Figure 5. Contours of joint probabilities of drought severity versus drought duration for the Rio Grande
and Middle-Middle RG

Figure 6. Conditional distribution of drought severity

Figure 7. Conditional distribution of drought duration
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CONCLUSIONS

The early identification of drought is essential for water
management purposes. A number of indices have been developed
for drought identification. Every index relies on a set of
parameters and the quality of the data used defines the end
product. Drought indices using streamflow are influenced by land
use land cover changes occurring within the basin. In this study
we reconstructed runoff in the Rio Grande basin using the Noah
land surface model. The model is forced using NLDAS-2 and
generates outputs at 1/8° resolution scale. The pixel runoff
generated is spatially averaged and temporally aggregated over
the area and time duration of interest. A three-month standardized
runoff index is computed from the model runoff. Yearly duration
and severity values of droughts are extracted from the SRI (3)
series.
The joint analysis of drought duration and severity provides more
information for water management than the univariate assessment
based on each parameter individually. Copula models permit the
construction of joint distribution functions. We tested four

copulas, three from the Archimedean family and one from the
extreme value family. The GH and Galambos were the most
suited for this dataset. We chose the GH because it is more
commonly used in hydrology. Preliminary results of the resulting
joint probabilities of drought severity and drought duration and
the conditional probability distributions charts of drought severity
and drought duration are given for the Rio Grande basin and one
sub-region namely the Middle-Middle RG.
For further studies we intend to develop severity-drought
frequency curves based on the data obtained from the Noah LSM
and compare them with that from gauged measurements along the
basin to assess the effect of anthropogenic changes on drought
analysis.
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